


ℝ𝟐

≙



 

 

 

 



 

 

𝑥 + 5 = 2

ℕ ℤ

15𝑥 = 3 

ℚ

𝑥2 − 2 = 0

ℚ

ℝ

𝑥2 + 1 = 0

𝑥2 + 𝑥 − 6 = 0

−3 2

𝑥2 + 1 = 0 𝑥2 = −1

𝑥2 ≥ 0 𝑥 ∈ ℝ

𝑥2 = −1



 

1 𝑖 −1 – 𝑖

1 0°

−1 180°

180° 0° 

180° −1

180°

90°

𝑖.

𝑖 = 𝑖 

𝑖2 = −1 

𝑖3 = −𝑖 

𝑖4 = 1 

𝑥2 + 4𝑥 + 8 = 0

𝑥 ∈ ℝ

𝑥1;2 = −2± √−4

𝑥 ∈ ℂ −2

±2𝑖

𝑥1;2   =   −2 ± √−4   =   −2 ± √−1 ⋅ √4   =   −2 ± 2𝑖 

𝐿  =   {(−2 + 2𝑖); (−2 − 2𝑖)}

ℂ

𝑖



ℂ

±2𝑖

−2 ± 2𝑖

𝓏 = 𝑎 + 𝑏𝑖 𝑎 𝑏

𝑖 = √−1

 

𝓏 = 𝑎 + 𝑏𝑖

ℕ ⊂ ℤ ⊂ ℚ ⊂ ℝ ⊂ ℂ

ℂ 𝑎 + 𝑏𝑖 𝑎 𝑏

𝑖 −1

ℂ = {𝑎 + 𝑏𝑖 | 𝑎, 𝑏 ∈ ℝ ∧ 𝑖2 = −1}

 



 

𝑏 = 0

𝓏 = 𝑎 + 𝑏𝑖 𝑎 𝑏 𝑖 𝑏 = 0

𝑖 𝓏 = 𝑎 𝑎 ∈ ℝ 𝓏 ∈ ℝ



 

10 40

5 25

40 25

−15 5

40 5 + √−5 5 − √−5



 

 

𝑖 √−1

 

𝓏 = 𝑎 + 𝑏𝑖 𝑎 𝑏

𝑖

𝑅𝑒(𝓏) = ℜ(𝓏) = 𝑎

𝐼𝑚(𝓏) = ℑ(𝓏) = 𝑏

 

𝑥 𝑦

𝑎

𝑥 𝑏 𝑦



𝓏

𝔃

𝑃(𝓏)

𝔃

 

𝑃(𝓏)

𝑟

𝑃(𝓏)

𝜑 𝑃(𝓏)

𝑟

𝑟 = |𝓏| = √𝑎2 + 𝑏2

𝜑 arg(𝓏)

𝜑 = arg(𝓏) = arctan (
𝑏

𝑎
) 𝑎 > 0



𝓏

|𝓏|

(−𝜋; 𝜋] [0; 2𝜋)

2𝜋

𝑎

𝑏 𝑟 𝜑

𝑎 = 𝑟 cos𝜑 𝑏 = 𝑟 sin𝜑

𝑟

𝓏 = 𝑟 ⋅ (cos𝜑 + 𝑖 sin𝜑)

 

cos𝜑 + 𝑖 sin𝜑

cos𝜑 𝑖 sin𝜑

𝑥

𝑖𝜑

cos𝜑 + 𝑖 sin𝜑 = (1 −
𝜑2

2!
+
𝜑4

4!
± ⋯)+ 𝑖 ⋅ (𝜑 −

𝜑3

3!
+
𝜑5

5!
± ⋯) 

cos𝜑 + 𝑖 sin𝜑 = 1 + 𝑖𝜑 +
(𝑖𝜑)2

2!
+
(𝑖𝜑)3

3!
+
(𝑖𝜑)4

4!
+
(𝑖𝜑)5

5!
+⋯ 

cos𝜑 + 𝑖 sin𝜑 = 𝑒𝑖𝜑



𝓏 = 𝑟 ⋅ (cos𝜑 + 𝑖 sin𝜑) 

𝓏 = 𝑟 ⋅ 𝑒𝑖𝜑 

𝑟 𝓏 𝑒𝑖𝜑

 

�̅�

𝓏 = 𝑎 + 𝑏𝑖 ⟼ �̅� = 𝑎 − 𝑏𝑖

𝓏 = 𝑟 ⋅ (cos𝜑 + 𝑖 sin𝜑)  ⟼ �̅� = 𝑟 ⋅ (cos𝜑 − 𝑖 sin𝜑)

𝓏 = 𝑟 ⋅ 𝑒𝑖𝜑  ⟼ �̅� = 𝑟 ⋅ 𝑒−𝑖𝜑 

𝓏

𝓏



 

 

 

𝓏1 𝓏2

𝓏1 + 𝓏2  =  (𝑎1 + 𝑏1𝑖) + (𝑎2 + 𝑏2𝑖)  =  𝑎1 + 𝑎2 + 𝑖(𝑏1 + 𝑏2)

 

𝓏1 = 𝑟1 ⋅ 𝑒
𝑖𝜑 𝓏1 = 𝑟2 ⋅ 𝑒

𝑖𝜓



𝓏1 ⋅ 𝓏2 = 𝑟1 ⋅ 𝑟2 ⋅ 𝑒
𝑖𝜑 ⋅ 𝑒𝑖𝜓

𝑒𝑖𝜑 ⋅ 𝑒𝑖𝜓 = 𝑒𝑖(𝜑+𝜓)

𝓏1 ⋅ 𝓏2 = 𝑟1 ⋅ 𝑟2 ⋅ 𝑒
𝑖(𝜑+𝜓)

𝓏1 = 𝑟1 ⋅ 𝑒
𝑖𝜑 𝓏2 = 𝑟2 ⋅ 𝑒

𝑖𝜓

𝓏1
𝓏2
 =  

𝑟1 ⋅ 𝑒
𝑖𝜑

𝑟2 ⋅ 𝑒
𝑖𝜓
=
𝑟1
𝑟2
⋅ 𝑒𝑖(𝜑−𝜓) 

 



 

 

ℝ ℂ

𝑥 𝑓(𝑥) = 𝑦

ℝ ℝ

𝑓:ℝ → ℝ

𝑥 ↦ 𝑓(𝑥) = 𝑦 

𝓏

𝑎 𝑏

𝑎 𝑏

𝑎 𝑏 𝓏 𝑢 𝑣

ℝ2 ℝ2

𝑓:ℝ2 → ℝ2 

(
 𝑎 
 𝑏 
)  ↦  (

 𝑢(𝑎, 𝑏) 
 𝑣(𝑎, 𝑏) 

) 

𝑖 𝑏

𝑏𝑖 𝓏 ℝ2 ℝ2

𝑏 𝑣(𝑎, 𝑏)

𝑢(𝑎, 𝑏) 𝑖𝑣(𝑎, 𝑏) 𝑓(𝓏) 𝓏

𝓌

𝑓: ℂ → ℂ 

𝓏 = 𝑎 + 𝑏𝑖 ↦ 𝑓(𝑎 + 𝑏𝑖) = 𝑢(𝑎, 𝑏) + 𝑖𝑣(𝑎, 𝑏) = 𝓌    mit   𝑎, 𝑏, 𝑢, 𝑣 ∈ ℝ 

 

ℝ2 𝓏 ∈ ℂ

ℝ2 𝓏 ∈ ℂ

ℝ2 ℂ2



𝓏 𝓌

 

𝑓(𝑥) = 𝑚𝑥 + 𝑏

𝑓(𝓏 ) = 𝑎𝓏 + 𝑏   mit   𝑎, 𝑏 ∈ ℂ 

𝓏

𝑓(𝓏) ℎ

𝑔

𝑓(𝓏) = (ℎ ∘ 𝑔)(𝓏) 

𝑔(𝓏) = 𝑎𝓏 

ℎ(𝓏) = 𝓏 + 𝑏

𝑓(𝓏) = (ℎ ∘ 𝑔)(𝓏) = 𝑎𝓏 + 𝑏 

 

𝑓(𝓏) = (ℎ ∘ 𝑔) 𝑔 ℎ

𝑓

𝑓(𝓏) = 𝓌 𝓏 𝓌  



 

𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐

𝑓(𝓏 ) = 𝑎𝓏2 + 𝑏𝓏 + 𝑐   mit   𝑎, 𝑏, 𝑐 ∈ ℂ 

𝓏

𝑓(𝓏) 𝑔 ℎ 𝑘

𝑚

𝑓(𝓏) = (ℎ ∘ 𝑔 ∘ 𝑘 ∘ 𝑚)(𝓏) 

𝑚(𝓏) = 𝓏 +
𝑏

2𝑎
  

 𝑘(𝓏) = 𝓏2 

 𝑔(𝓏) = 𝑎𝓏            

ℎ(𝓏) = 𝓏 −
𝑏2

4𝑎
+ 𝑐 

𝑓(𝓏) = (ℎ ∘ 𝑔 ∘ 𝑘 ∘ 𝑚)(𝓏) = (𝓏 +
b

2a
)
2

−
b2

4a
+ 𝑐 = 𝑎𝓏2 + 𝑏𝓏 + 𝑐 

 

𝑓(𝓏) = (ℎ ∘ 𝑔 ∘ 𝑘 ∘ 𝑚)(𝓏)

𝑓

 

𝑥0

𝑓(𝑥)

𝑔(𝑥)



𝑓(𝑥) 𝑥0

𝑔(𝑥) 𝑥 = 0

𝑥 = 0 

𝑓′(𝑥) 𝑚

𝑑𝑓/𝑑𝑥 𝑓(𝑥)

𝑓(𝑥) 𝑥0

𝑓(𝑥)

𝑑𝑓

𝑑𝑥
(𝑥)   =   lim

𝑥→𝑥0

𝑓(𝑥) − 𝑓(𝑥0)

𝑥 − 𝑥0
  =   𝑚𝑥 =   𝑓′(𝑥)      mit     𝑚, 𝑥 ∈ ℝ 

 

𝑥 ≔ 𝑎 𝑦 ≔ 𝑏

𝑓: ℂ → ℂ 

𝑥 + ℝ𝑦𝑖 ↦ 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦)   mit   𝑥, 𝑦, 𝑢, 𝑣 ∈ ℝ 

𝑓(𝑥) 𝑔(𝑥)



𝑓:ℝ → ℝ 𝑚𝑥

𝑚 𝑥

𝑑𝑓

𝑑𝓏
(𝓏)  =   lim

𝓏→𝓏0

𝑓(𝓏) − 𝑓(𝓏0)

𝓏 − 𝓏0
=   𝓂𝓏 =   𝑓′(𝓏)      mit     𝓂, 𝓏 ∈ ℂ

𝑓(𝓏)

𝑓′(𝓏)

𝑓(𝓏) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) 

𝑓′(𝓏) = 𝓂𝓏 = (𝑚1 + 𝑖𝑚2) ⋅ (𝑥 + 𝑖𝑦) 

𝑓(𝓏) 

𝑓′(𝓏)  =   (𝑚1𝑥 −𝑚2𝑦)⏟        
𝑢(𝑥,𝑦)

+ 𝑖 ⋅ (𝑚1𝑦 +𝑚2𝑥)⏟        
𝑣(𝑥,𝑦)

𝑓′(𝓏) 𝑢(𝑥, 𝑦) 𝑣(𝑥, 𝑦)

𝑢 𝑣 𝑥

𝑦 𝑥𝑦

𝑧

ℂ → ℂ  ≙  ℝ2 → ℝ2 

𝑥𝑦

 ℝ𝟐

𝑥 𝑦

𝑥 𝑦 = 𝑐𝑜𝑛𝑠𝑡.

𝑦 𝑥 = 𝑐𝑜𝑛𝑠𝑡.

𝑑𝑓

𝑑(𝑥, 𝑦)
 =   ( 

𝜕𝑓

𝜕𝑥
,
𝜕𝑓

𝜕𝑦
 ) = ∇𝑓 



𝑥𝑦

𝑓

 ≙

 

 

 

𝑓′(𝓏)   =   𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦)   =   (𝑚1𝑥 −𝑚2𝑦) + 𝑖(𝑚1𝑦 +𝑚2𝑥) 

( 
𝑢(𝑥, 𝑦)

𝑣(𝑥, 𝑦)
 )  ⟼ 

(

 
 
  

𝜕𝑢

𝜕𝑥
(𝑥, 𝑦)

𝜕𝑢

𝜕𝑦
(𝑥, 𝑦)

𝜕𝑣

𝜕𝑥
(𝑥, 𝑦)

𝜕𝑣

𝜕𝑦
(𝑥, 𝑦)

 

)

 
 
= (  

𝑚1 −𝑚2
𝑚2 𝑚1

 ) 

𝑢(𝑥, 𝑦) 𝑣(𝑥, 𝑦)

𝜕𝑢

𝜕𝑥
(𝑥, 𝑦) =

𝜕𝑣

𝜕𝑦
(𝑥, 𝑦)      und      

𝜕𝑢

𝜕𝑦
(𝑥, 𝑦) = −

𝜕𝑣

𝜕𝑥
(𝑥, 𝑦)



 

𝑓(𝓏) = 𝑢 − 𝑖𝑣

𝜕𝑢

𝜕𝑥
(𝑥, 𝑦) = −

𝜕𝑣

𝜕𝑦
(𝑥, 𝑦)    und    

𝜕𝑣

𝜕𝑥
(𝑥, 𝑦) =

𝜕𝑢

𝜕𝑦
(𝑥, 𝑦) 

𝔲

𝑓(𝓏)

𝔲:  ( 
𝑢(𝑥, 𝑦)

𝑣(𝑥, 𝑦)
 ) ∈ ℝ2 

𝔲 𝔲(𝑢, 𝑣) ↦ 𝔲(𝑢, 𝑣, 0) ℝ3

 

𝔲 div 𝔲

∇𝔲

∇

∇ 𝔲

div𝔲   =   ∇ ⋅ 𝔲(𝑢, 𝑣, 0)   =   

(

 
 
 
 

 

𝜕

𝜕𝑥
𝜕

𝜕𝑦
𝜕

𝜕𝑧

 

)

 
 
 
 

⋅ ( 
𝑢(𝑥, 𝑦)

𝑣(𝑥, 𝑦)
0

 )   =   
𝜕𝑢

𝜕𝑥
(𝑥, 𝑦) +

𝜕𝑣

𝜕𝑦
(𝑥, 𝑦) 

 



div𝔲

𝜕𝑢

𝜕𝑥
(𝑥, 𝑦) +

𝜕𝑣

𝜕𝑦
(𝑥, 𝑦) = 0        ⟺      

𝜕𝑢

𝜕𝑥
(𝑥, 𝑦) = − 

𝜕𝑣

𝜕𝑦
(𝑥, 𝑦) 

 

∇ × 𝔲

 rot 𝔲

rot 𝔲   =   ∇ × 𝔲(𝑢, 𝑣, 0)   =   

(

 
 
 
 

 

𝜕

𝜕𝑥
𝜕

𝜕𝑦
𝜕

𝜕𝑧

 

)

 
 
 
 

× ( 
𝑢(𝑥, 𝑦)

𝑣(𝑥, 𝑦)
0

 )   =   

(

 
 
 
 

  

−
𝜕𝑣

𝜕𝑧
(𝑥, 𝑦)

𝜕𝑢

𝜕𝑧
(𝑥, 𝑦)

𝜕𝑣

𝜕𝑥
(𝑥, 𝑦) −

𝜕𝑢

𝜕𝑦
(𝑥, 𝑦)

  

)

 
 
 
 

 

𝑥𝑦 𝑧

𝑧

rot 𝔲  =   (  

0
0

𝜕𝑣

𝜕𝑥
(𝑥, 𝑦) −

𝜕𝑢

𝜕𝑦
(𝑥, 𝑦)

  ) 

 

𝔞 𝔟
 

𝔠
 



div𝑫 = 𝜌 div𝑩 = 0 rot 𝑬 = −�̇� 

 

rot𝑯 = �̇� + 𝒋 

 

rot 𝔲

rot 𝔲

𝜕𝑣

𝜕𝑥
(𝑥, 𝑦) −

𝜕𝑢

𝜕𝑦
(𝑥, 𝑦) = 0      ⇔      

𝜕𝑣

𝜕𝑥
(𝑥, 𝑦) =

𝜕𝑢

𝜕𝑦
(𝑥, 𝑦) 

 

 

𝔞
𝔟  

𝑫

𝜌

𝑩 𝑬

𝑩

𝑯

𝑫

𝒋



 

 

𝑖2 = 𝑗2 = 𝑘2 = 𝑖𝑗𝑘 = −1

ℍ

𝑥 = 𝑎 + 𝑏𝑖 + 𝑐𝑗 + 𝑑𝑘



 



 

 





 

𝑖

𝓏

𝑓(𝓏) = 𝓌 𝓏 𝓌

𝑓(𝑥) 𝑔(𝑥)

𝔞 𝔟



 

Marienheide, 09.01.2015 


